We study the effect of the Gauss-Bonnet term on the holographic complexity growth rate of asymptotically AdS black holes using the "Complexity -Volume" (CV) and CV2.0 conjectures. We investigate the late time value and full time evolution of the complexity growth rate of GaussBonnet black holes with horizons with zero curvature (k = 0), positive curvature (k = 1) and negative curvature (k = −1) respectively. For the k = 0 and k = 1 cases we find that the GaussBonnet term suppresses the growth rate as expected, while in the k = −1 case the effect of the Gauss-Bonnet term may be opposite to what is expected. The reason for it is briefly discussed, and the comparison of our results to the result obtained by using the "Complexity -Action" (CA) conjecture is also presented.
I. INTRODUCTION
The Anti-de Sitter/Conformal Field Theory (AdS/CFT) correspondence relates a gravity theory in an asymptotically AdS spacetime, often referred to the bulk, to a conformal field theory without gravity living on the boundary of this spacetime [1] [2] [3] [4] . This correspondence is the most important realization of the holographic principle [5, 6] . Studies on the relation between gravity and quantum information in the context of AdS/CFT correspondence has been an important topic in recent years, and one most famous subject in this direction is the holographic entanglement entropy proposed by Ryu and Takayanagi [7] . The Ryu-Takayanagi formula allows one to express the entanglement entropy of a conformal field theory in some subregion of the boundary by the minimal area of a bulk co-dimension two surface anchored at the boundaries of the subregion. Interestingly, the holographic duality also suggests that the dynamics of the bulk spacetime emerges from quantum entanglement on the boundary [8] [9] [10] .
More recently the quantum complexity, another quantity in quantum information theory, attracted a lot of attention. The quantum complexity of a certain state describes how many simple operations (quantum gates) at least are needed to obtain this state from some chosen reference state. For a discrete system composed of a number of quantum bits, the complexity measures its ability of computation. The concept of quantum complexity in quantum field theory is still unclear. However, there are two potential holographic descriptions for it in the bulk spacetime. The first one is that the volume of the Einstein-Rosen bridge of an eternal AdS black hole with two asymptotic boundaries is proportional to the quantum complexity of the dual field theory. This conjecture is often called the "Complexity -Volume" (henceforth CV) conjecture, originally proposed by Susskind in [11] in the purpose of finding the boundary dual of the size of the Einstein-Rosen bridge which increases for an exponentially long time. The mathematical relation is
Strictly speaking, C V denotes the complexity of a specific state of a system composed of two identical copies of conformal field theories (CFTs). The two identical copies are denoted by the "left" part CFT L and the "right" part CFT R respectively, and the specific state |Ψ is the thermofield double (TFD) state
evolved to some certain time denoted by τ L and τ R , the time coordinates of the two copies: where H L and H R are the Hamiltonian operators of the two subsystems. The symmetry of this state allows us to choose τ L = τ R . The states |n L and |n R are the energy eigenstates of energy E n of the two copies and the sum is over all the energy eigenstates. When the degrees of freedom of one copy is traced out, the reduced density matrix of the other copy is just that of a thermal state with temperature 1/β, and Z(β) is the corresponding partition function. The holographic dual of the state |Ψ is an eternal AdS black hole [12] whose Penrose diagram is shown in Figure 1 . The V in the right hand side of Eq.(1.1) is the volume of a certain co-dimension one surface connecting the constant time slices τ = τ L and τ = τ R on both boundaries, and the symbol "max" means that we choose the surface such that the volume is maximal 1 . The constant G is the Newton constant, and is some length scale, usually chosen to be the curvature radius of the AdS spacetime. The other conjecture of holographic complexity is the so-called "ComplexityAction" (CA) conjecture proposed in [14, 15] . It relates the complexity of the boundary CFT state to the gravitational action in the so-called Wheeler-DeWitt (henceforth WdW) patch in the bulk, and successfully avoids the unclear dimensionful parameter appearing in the CV conjecture. As is shown in Figure 2 , the WdW patch is the domain of dependence of any spacelike hypersurface connecting the two time slices on τ L and τ R on the boundaries. The precise relation between the complexity C A and the action I is 4) whereh is just the reduced Planck constant. These studies excited a lot of discussions on holographic complexity [16] [17] [18] [19] [20] [21] . There has also been an upsurge in the study of complexity on the field theory side recently [22] [23] [24] [25] [26] [27] [28] , just after the holographic conjecture was proposed. One important property of the complexity of a quantum system is the bound on its growth rate proposed in [15] dC dτ 5) which is often referred to as the "Lloyd bound" since it was inspired by the bound conjectured by Lloyd [29] . Here E is the total energy of the system. Verification of this bound on the gravity side using the CA conjecture was first done in [14, 15] . The results therein showed that at late times the complexity growth rate approaches a certain limit, and for the neutral AdS black holes in Einstein gravity theory the late time limit is just the right hand side of Eq.(1.5). The bound for rotating and charged black holes is tighter than Eq.(1.5). Afterwards Cai et al. [30] presented a universal formula for the action growth expressed in terms of some thermodynamical quantities associated with the outer and inner horizons of the AdS black holes. For related discussions, see also the papers [31] [32] [33] [34] and references therein. There have also been a lot of discussions on the complexity growth rate in different spacetime settings and different gravity theories other than Einstein gravity [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] [47] . Besides, modifying the holographic proposal is also an interesting subject which has been discussed in the papers [36, [48] [49] [50] [51] .
While the CA conjecture passed several non-trivial tests, there are also some problems suggesting the correction of this conjecture, such as the violation of the Lloyd bound in full time evolution of the action found in the paper [52] . The results therein show that the growth rate in the CV conjecture grows monotonically with time, and it approaches a certain bound from below 2 , while in the CA conjecture the complexity growth rate grows with time and exceeds the Lloyd bound, and then approaches the bound from above at late times. Recently several studies also found some violation of this bound in the late time limit in the CA conjecture, such as [54] [55] [56] . This paper will examine the behaviour of holographic complexity of the AdS black holes in the Einstein-GaussBonnet (henceforth EGB) gravity theory. The action of this theory contains the Gauss-Bonnet term in addition to the usual Einstein-Hilbert action, and is a special case of the Lovelock gravity theory [57] , the general secondorder covariant gravity theory in dimensions higher than four. The Gauss-Bonnet term can be regarded as corrections from the heterotic string theory [58, 59] . As argued in [15] , since such corrections weaken the interaction of the boundary field theory, the complexity growth rate will be reduced. It will be interesting to verify this fact. A straightforward way of doing this is to generalize the work [52] to Einsein-Gauss-Bonnet gravity. In that work the full time dependence of holographic complexity growth rate is calculated for both CA and CV conjectures. However, when generalizing to the higher curvature case one will meet some difficulty with the CA conjecture. While one is calculating the on-shell action of WdW patch, null-boundary terms and joint terms need to be added to the action in order for the variation problem to be well posed, and the proper boundary and joint terms in Einstein gravity were carefully studied in the paper [60] . However, the extension to the higher curvature case seems to be rather difficult. The paper [61] studied action terms at joints between certain boundary segments of a WdW patch in Lovelock gravity, however the null boundary terms are still unknown as well as arbitrary joint terms. By using the results in [61] the late time complexity growth rate of the black holes in Lovelock gravity is obtained in [62] . What we mainly have done in this paper is to study the full time dependence of the complexity growth rate in the context of CV conjecture. Then it will be interesting to compare the late time results of the CV and CA conjectures. This paper is organized as follows. We first consider the complexity growth of AdS black holes in EGB gravity using the CV conjecture. We plot the late time and full time dependence of the complexity growth rate for black holes with different horizon curvatures. We also briefly investigate the complexity growth using the "CV2.0 conjecture" first proposed in [48] . In the final section, we give some conclusions and discussions.
II. ADS BLACK HOLE SOLUTIONS IN EINSTEIN-GAUSS-BONNET GRAVITY THEORY
The action of EGB gravity theory with a negative cosmological constant and a Maxwell field is
The spacetime dimension D = d + 1 ≥ 5 since in four dimensions the Gauss-Bonnet term is just a topological term. G is the Newton constant and the relation between the cosmological constant Λ and the curvature length scale
. The GaussBonnet coupling is denoted by α and to avoid verboseness we use the symbolα ≡ α(d − 2)(d − 3). In the heterotic string theory α is positive [63] , while for d = 4 the causality of the boundary CFT gives the constraint −7/36 ≤α/L 2 ≤ 9/100 [64] [65] [66] [67] . Considering these facts, we will restrict ourselves to the parameter range 3 0 ≤α/L 2 ≤ 9/100 when d = 4. The electromagnetic field strength appears as the tensor F ab as usual, while in most part of this paper we only study the case of neutral black holes without electromagnetic fields. The (d + 1)-dimensional static black hole solutions of the above action are described by the line element
3 Though the causality constraint is obtained only for the k = 0 black branes, we also consider this constraint for k = ±1 cases. 4 Here we largely follow the notations in Ref. [68] .
In the expressions above the black hole mass and charge are M and Q respectively, and Ω k,d−1 is the volume of the maximally symmetric (d − 1)-dimensional submanifold with the metric h ij , and this submanifold can have zero, positive or negative curvature, corresponding to the parameter k equal to 1, 0 or −1 respectively. The solution with k = 1 was found in the paper [63] , and the solutions with k = 0, −1 were first given in the paper [69] and the charged solutions were found in [70] . For these three cases the horizons can have spherical, planar and hyperbolic topology respectively. There are two branches of solutions due to the choice of the sign in front of the square root in the expression (2.3), and throughout this paper we study the branch with a minus sign "−" which approaches the asymptotically AdS black hole solution in Einstein gravity theory in the limit α → 0. The mass parameter can be expressed in terms of the horizon radius r h and the other parameters as
The temperature T and the entropy S of the black hole are [71] T = dr Let us first review the method of calculating the complexity growth rate for an eternal AdS black hole, following [11, 52] . The Penrose diagram of such a spacetime is shown in Figure 1 . There are two timelike boundaries on the left and right separated by the black hole horizons, and the two copies of CFT are denoted by CFT L and CFT R respectively. The maximal co-dimension one surface indicated by green color connects the two spacelike slices at the boundary time τ L on the left side and τ R on the right side. The minimal value of the radial coordinate of the surface is denoted by r min . The boundary time coordinates are chosen to satisfy the relation τ R = t and τ L = −t with t in (2.2). Both τ L and τ R increase in the future direction, and one can always impose a translation along t to have τ L = τ R and the maximal surface symmetric with respect to the dashed central line (t = 0). So we only need to care about the time evolution with respect to the total time τ = τ L + τ R , and we restrict ourselves to the range τ ≥ 0, i.e. we only consider the evolution in the upper half of the diagram. To find the surface with maximal volume, the first step is to write the line element (2.2) in the Eddington-Finkelstein coordinates
where
Suppose the surface possesses the same maximal symmetry as the horizon does, i.e. its embedding does not depend on the coordinates x i . Therefore the surface can be described by the parametric equations v = v(λ) and r = r(λ) with some parameter λ, then its volume is an integral in the following form
where the dots indicate derivative with respect to λ.
We have used the fact that the surface is composed of two equivalent parts and there appears the overall factor 2. The integration is evaluated over the right part of the surface. We can define the function L ≡ r d−1 −f (r)v 2 + 2vṙ, and this function should satisfy a set of Euler-Lagrange (henceforth E-L) equations. Since L does not depend explicitly on v, one of the E-L equations gives that
where E is a constant on the whole surface (but a function of the boundary time τ ). We are not using the other E-L equation, but we consider the fact that the expression in Eq.(3.3) is reparametrization invariant. Thus we are free to choose λ to keep the radial volume element fixed as follows
The two equations above simplify to
and further, the maximal volume can be written as
Due to the symmetry of our setting, the point at r min should be a turning point of the surface, and the derivativeṙ there should be 0. Therefore according to Eq.(3.7) we have
Let us consider the value of the coordinate v at the boundary and the turning point, denoted by v ∞ and v min respectively. They satisfy the following relation:
since at the innermost point t = 0 due to the symmetry. Meanwhile,
.
From Eq.(3.10) and (3.11) one can derive the time evolution of dC V /dτ . Firstly, the time τ as a function of r min can be written down directly from these two equations and Eq.(3.9):
The negative sign in the last line is due to the fact that E is negative, which can be see from evaluating Eq.(3.6) at r min . Secondly, one can prove that the following equation holds:
Taking the derivative of the above equation with respect to τ = τ L + τ R = 2τ R , one finally arrives at 14) and the growth rate of complexity is
With Eq.(3.12) and (3.15) at hand, for any viable value of r min one can find out the boundary time τ by integration, and get the corresponding value of dC V /dτ by algebraic calculation. There is one more point. To find out the late time limit of dC V /dτ , note that as the total boundary time τ increases, the maximal surface moves in the future direction, and the turning radius r min decreases. According to Eq.(3.7) and (3.9), the minimal possible value of r min should be the extreme value point, denoted byr min , of the function −f (r min )r d−1 min . So the late time growth rate is just
Actually the method reviewed here applies to any black hole solution with the form (2.2), in spite of the gravity theory. In the following subsections we first show the results obtained by applying this method for the neutral static AdS black holes with k = 0, 1 and −1 in EGB gravity, and then we briefly discuss the case of charged black holes with k = 0. In the neutral k = 0 case, the analytic expression for the late time limit 17) and ifα = 0 then we recover the result in Einstein gravity [11, 52] 
The corrections due to the Gauss-Bonnet term are negative, thus suppressing the complexification rate of the black hole. This can be partly seen by looking at the expansion around α = 0
For general values ofα we find that the late time complexity growth rate is always lower than that in Einstein gravity and decreases asα increases. Interestingly, it is always proportional to the black hole mass M as in the case of Einstein gravity. Since in the case k = 0 we have the relation M ∝ ST , the late time complexity growth rate satisfies the relation
As pointed out in [11] , this result is expected based on a quantum circuit model of complexity [72, 73] : the entropy represents the width of the circuit and the temperature is an obvious choice for the local rate at which a particular qubit interacts. The full time dependence of the complexity growth rate in the case d = 4 is shown in Figure 3 . The growth rate is shown in the dimensionless form 8π(d − 1)dC V /(M dτ ), proportional to the growth rate per unit energy. In the following while talking about "complexity growth rate" we always refer to this dimensionless quantity. This dimensionless growth rate in EGB gravity increases monotonically as time goes on, similar to the case of Einstein gravity [52] , while always less than the value in Einstein gravity. At τ /β = 0 the growth rate is 0, since r min = r h and the surface does not probe the structure inside the black hole at this time. As τ /β → ∞ the growth rate approaches a constant which is just the late time value given in Eq. (3.17) . Moreover, the larger the Gauss-Bonnet couplingα, the less the growth rate. In fact, if we choose the length scale as as in the paper [53] , the growth rate obeys the Lloyd's bound (1.5), and saturates it only when the GaussBonnet couplingα vanishes.
C. The Neutral Black Hole with k = 1
For the neutral case with k = 1, in additional to the Gauss-Bonnet couplingα there is one more parameter describing the black hole -the radius r h of the horizon. The analytic expression of the late time complexity growth rate was not found. As an alternative way of presenting the results, its numerical value as a function of the ratio r h /L for d = 4 and for different GB couplings are shown in Figure 4 . The behavior of the function is similar to that in Einstein gravity. The late time limit of the growth rate vanishes when r h /L = 0 ( in the absence of black hole horizon), increases as r h /L increases, and approaches its counterpart in the k = 0 case in the limit r h /L 1, which can be considered as the high-temperature limit T L 1. In this limit, the characteristic thermal wavelength is much shorter than the curvature scale L and the effect of a nonzero k can be ignored. This is also true for the k = −1 case in the following subsection. Therefore in the high-temperature limit for k = ±1 black holes the relation (3.20) is also satisfied. We also find that the larger GB coupling, the smaller late time growth rate, no matter how large r h /L is. As in the k = 0 case, the largest late time growth rate is obtained in Einstein gravity.
The full time evolution of the growth rate is similar to that in the planar case. It increases monotonically as The full time dependence of the complexity growth rate of 5-dimensional k = 1 static AdS black holes. The red, blue and green curve correspond to the Einstein gravity case, the cases ofα/L 2 = 0.04 andα/L 2 = 0.08 in EGB gravity respectively. The parameter r h /L is set to 1. As in the k = 0 case, each growth rate grows in time and approaches a constant value from below at late times, while the GaussBonnet coupling suppresses the complexity growth rate.
time goes by and approaches the bound from below at late times. Larger Gauss-Bonnet couplings correspond to lower growth rates all the time, as in Einstein gravity. This is shown in Figure 5 . For the case of a neutral hyperbolic black hole (k = −1), the mass parameter M can take negative values. In a certain region of the parameter space of M , the black hole possesses two horizons, and when the mass takes the minimal allowed value (shown below) which we call M ext , the black hole becomes extremal. If M is below this value there is no black hole horizon. The minimal M is
where the minimal value r ext for the parameter r h satisfies the relation [69] 
In the case d = 4 we have
As has been done in [52] , to avoid negative energy, in the k = −1 case we calculate the following quantity as the dimensionless version of the complexity growth rate:
For different values of M , there can be an inner horizon as well as a singularity between the outer horizon r = r h and r = 0. However, the maximal surface never reaches the inner horizon or the singularity 5 . 
AdS black holes. The red, blue and green curves correspond to the case in Einstein gravity, the cases ofα/L 2 = 0.04 and α/L 2 = 0.08 in EGB gravity respectively. In the parameter range in this figure larger GB couplings correspond to larger late time growth rates.
The late time limit of (d − 1)/(8π(M − M ext ))dC V /dτ as a function of the ratio r h /L is plotted in Figure 6 and Figure 7 . The function goes to infinity as r h /L approaches r ext /L, and decreases as r h /L increases. Similar to the k = 1 case, it also approaches the late time growth rate in the k = 0 case, however from above. So in this case the Lloyd's bound is not obeyed. However for certain values of α/L 2 and r h /L there is always an upper bound in the time evolution, as will be shown later. If r h /L is not too small, a larger Gauss-Bonnet coupling corresponds to a smaller late time complexity growth rate. This fact is shown in Figure 6 . However, for very small values of r h /L, a larger Gauss-Bonnet coupling corresponds to a larger late time growth rate, as shown in Figure 7 . In this case the complexity growth rate in Einstein gravity is the smallest. This fact is in contrast to the flat and spherical cases, where the growth rate in Einstein gravity is always the largest. Figure 8 shows the full time dependence of the complexity growth rate of larger black holes (r h /L = 5), while Figure 9 shows the results of relatively small black holes (r h /L = 0.8). In the former case, a larger GaussBonnet coupling corresponds to a smaller complexity growth rate in full time. The latter case is the opposite -a larger Gauss-Bonnet coupling corresponds to a larger growth rate in full time. In both cases the growth rate increases monotonically in time and approaches the late time limit from below.
E. The Charged Black Hole with k = 0
This subsection discusses briefly the effect of electric charge of the black hole to the complexity growth rate. For simplicity we consider the k = 0 case. Unlike in the CA conjecture [15, 30] where the analytic expression is present, we only obtained the numerical value of the growth rate as a function of the charge or time. 10 shows the late time complexity growth rate as a function of the charge of the black hole. The growth rate decreases as the charge increases, reaching zero for the extremal black hole, while the limit of zero charge reproduces the result in the neutral case. This is similar to the results in Einstein gravity found in [52] . Moreover, we find that as in the neutral case, the larger the Gauss-Bonnet parameter, the lower the growth rate. In a word, both the conserved charge and the Gauss-Bonnet coupling suppress the rate of complexification.
According to the numerical results for d = 4 shown in Figure 11 , the full time dependence of the complexity growth rate behaves in a similar way as the neutral black hole. The upper bound is just the late time value of the monotonically increasing growth rate. In a word, the effect of the Gauss-Bonnet coupling is not very much h , representing the magnitude of the electric charge, of 5-dimensional charged planar AdS black holes. The red, blue and green curves correspond to the case in Einstein gravity, the cases ofα/L 2 = 0.04 andα/L 2 = 0.08 in EGB gravity respectively. As the charge of the black hole grows, the late time complexity growth rate decreases. The growth rate continuously approaches the value of the neutral black hole when the charge goes to zero. Though not shown in this figure, it reaches zero when the charge reaches the maximum value corresponding to the extremal black hole. The Gauss-Bonnet parameter suppresses the complexity growth rate. The CV2.0 conjecture was first proposed in [48] by analyzing the relation between complexity and black hole chemistry, and it says that the holographic complexity is proportional to the spacetime volume of the WdW patch. The conjecture is formulated as below
where P is the pressure, and V WdW is the spacetime volume of the WdW patch. It is interesting to see if we can obtain similar results as in the previous section in this conjecture. In this section we only study the neutral black holes. In various examples of [48] , it was shown that the late time complexity growth rate is expressed as
where V th is the so-called thermodynamic volume. For the Schwarzschild-AdS black hole in Einstein gravity, the result is
As the discussion in Ref. [52] , the complexity does not increase until the critical time, where the critical time is denoted by
We denote r s the position of singularity, and in the k = 0 and k = 1 cases, the singularity is located at r = 0, while for k = −1 there is an additional singularity at r s > 0 apart from r = 0 when M ext < M < 0. The location of singularity the is [69]
When the time is above the critical time , to concretely calculate the spacetime volume growth of the GaussBonnet black hole, we partition the WdW patch into several parts. We just need to calculate the volumes of the regions 1, 2 and 3 (V 1 , V 2 and V 3 ) in Figure 2 , and multiply the sum of these volumes by 2. The integration formula of the volume is
Consider the case in which r = r s is the singularity, and where r m is calculated by the equation
Except for case k = −1 and M ext < M < 0 , there is only one spacetime singularity at r = 0. We consider the case r s = 0 in the following and will discuss the case r s = 0 separately. In the late time limit r m → r h , recall that in extended phase space pressure is identified as the cosmological constant P = −Λ/8π, we find that the complexity growth rate is
As is calculated in Ref. [71] , what appears on the right hand side is precisely the thermodynamic volume
As to the effect of the higher curvature terms on the holographic complexity growth, invoking the mass expression of the Gauss-Bonnet black hole is a direct way to find it out. For k = 0 case, we find that the complexity growth rate is independent of higher curvature corrections, which is different from the CV conjecture. It follows from that the thermodynamic relations of k = 0 GB black hole are the same as those of the Einstein black hole despite very different geometries.
For k = 0 cases, the result is
) . (4.14)
The late time results of the complexity growth rate as functions of the black hole size r h /L are shown in Figure  12 for k = 1 and Figure 13 for k = −1.
B. Full Time Behavior
The full time evolution of complexity is easily performed by first solving the equation (4.11) to get r m , and then plugging it in the full time result of the complexity growth rate
Using the expression of M (2.5), for the simplest case k = 0 we get the full time dependence of complexity growth rate in Figure 14 . We see that while the GaussBonnet coupling does not change the late time result, it reduces the full time value of the complexity growth rate. We also find that the results in the CV2.0 conjecture is similar to the CV conjecture, where they both grow monotonically.
For the k = 1 case, the expression of the complexity growth rate at a general time is as follows,
where b ≡ r h /L and a ≡α/L 2 . We plot the full time evolution of complexity for fixed b in Figure 15 and find The red/blue/green curves are respectively Einstein gravity, α = 0.04L 2 , andα = 0.08L 2 . We fix b = 1 in this case. The late time result is not affected byα, but for the full time behavior, the presence of higher curvature corrections will increase the complexity growth rate which is contrary to the prediction of the k = 0 and k = 1 results.
that it behaves qualitatively the same as the k = 0 case, except that the late time limit depends on the value of α. In this case, the presence of the nonzeroα always decreases the complexity growth rate.
For k = −1 case, we first analyze the case when the singularity is at r s = 0. The full time behavior of the d = 4, k = −1 case with b = 1 is plotted in Figure 16 , while the d = 4, k = −1 case with b = 2 is plotted in Figure 17 . For relatively small radius, the Gauss-Bonnet coupling increases the complexity growth rate, while for relatively large radius it decreases the complexity growth rate. This is the same as the CV results.
C. The Case When M < 0 with k = −1
As we can see, the black hole mass is always positive provided b > 1. In this subsection, we briefly discuss the case when M < 0, because there are two parameters that can affect the result, we can fix the radius b and change the couplingα. We fix b = 0.95 in the following. The red/blue/green curves are of respectively Einstein gravity,α = 0.04L 2 , andα = 0.08L 2 cases, and we fix b = 2 in this case. The presence of the higher curvature corrections decreases the complexity growth rate for relatively large radius. In this case, we analyze the f (r) for variousαs. It is shown in Figure 18 . We find that as we decreaseα from its maximum 0.09L 2 , there may be an inner horizon after we cross some critical valueα ct . Below that critical value, the penrose diagram looks like that of an RN-AdS black hole, and the above calculation is not correct for this case. We leave this case to further study and we want to focus on theα value which is above the critical value and see if the new singularity can lead to some new behavior of the complexity growth rate.
We focus on the d = 4 case, and chooseα between 0.06L 2 and 0.08L 2 . In this region, the Penrose diagram contains only one horizon. So the complexity growth rate is
Using the mass expression in this case
we get the analytic expression for the late time growth 
19) and it is plotted in Figure 19 . We find that the late time result is dependent on the Gauss-Bonnet couplingα and moreover the late time result increases as the coupling increases, which is similar to the CV case.
V. CONCLUSION AND DISCUSSION

A. Summary of Our Results
In this work we studied the holographic complexity of AdS black holes in Einstein-Gauss-Bonnet gravity theory in the context of the "complexity -volume" (CV) and the CV2.0 conjectures. Our results include the time dependence of the complexity growth rate dC V /dτ of neutral black holes with different Gauss-Bonnet couplings and different horizon curvatures (k = 0, 1 and k = −1), and of charged planar black holes with different charge values. Our results are shown in 5 dimensions by numerical graphs except that for the planar horizon case we obtained an analytic expression for the late time complexity growth rate in general dimensions.
For all the cases we investigated, dC V /dτ increases monotonically as time goes on, and approaches a certain constant from below at late times. This is also the case in Einstein gravity [52] . The monotonic growth of dC V /dτ in both gravity theories implies that the "complexity equals volume" conjecture is more favorable than the "complexity -action" (CA) conjecture in the sense of the Lloyd's bound.
Our results found by using the CV conjecture also agree with this idea, except that for small Gauss-Bonnet AdS black holes with hyperbolic horizons the growth rate can be larger than that in Einstein gravity. To be more specific, we find that when k = −1 and r h /L is large, or when k = 0, 1 we always have that
which is expected. However when k = −1 and r h /L is small, one may have
As for the CV2.0 proposal, for the k = 0 case, while the late time result is the same as in the Einstein gravity, the higher curvature corrections decrease the growth rate when the time is not too late. For the k = 1 case, the higher order corrections decrease the growth rate both at late times and in full time. In the k = −1 case, we should distinguish the case between the M > 0 case and M < 0 case. For the M > 0 case, we find that the higher curvature corrections decrease the complexity growth rate for relatively large black holes, while increase the growth rate for relatively small black holes. And the late time limit is independent ofα. However, in the M < 0 case, the complexity growth rate is enhanced even in the late time limit.
The enhancement we find in the k = −1 case is unnatural since the Gauss-Bonnet coupling is expected to slow down the complexity growth as we mentioned in the introduction -the boundary field theory coupling is weakened by the bulk higher curvature corrections from string theory. Since the boundary field theory in a hyperbolic space is not well-behaved, as argued in [74] , this unnatural phenomenon may not be physical.
B. Comparison to the CA Result
It would be helpful to compare our results with those obtained by using the CA conjecture. The growth rate in the context of CA conjecture for a spherical black hole in EGB gravity with d = 4 is [30] 
As our results, this growth rate also contains a suppression compared to that in Einstein gravity. Recent studies on the null boundary action term in Lovelock gravity [61, 62] give a more general result. Nevertheless, the suppression appearing in this expression is different from our result. This suppression only appears when d is even and k = 0 [62] . In our CV results, the suppression appears for all three values of k, and it appears for any d. Besides, we do not have such an analytic expression as (5.3) for k = 1 case in the CV conjecture. Moreover, under the large black hole limit, the correction term −3αΩ 1,4 /(16πGM ) vanishes, which means that the effect of the corrections will disappear for large black holes. In our late time results in the CV conjecture, however, the effect ofα becomes the same as in the case of k = 0 under the limit r h /L → ∞ and this effect is always finite. The suppression from the Gauss-Bonnet coupling appears in both cases while there are curious differences between these cases which deserve further investigation. Such investigation may help judge which holographic complexity proposal is better. We can give a summary of the result in Table I .
C. Choice of Boundary Time Coordinate and Future Directions
In the above discussion, we have not considered what the boundary time should be in the presence of the Gauss-Bonnet coupling. Take the black brane as an example. We note that under the limit r → ∞, in order to set the speed of light on the boundary equal to 1 [64, 75] , we should shift the time coordinate t → t according to t = N t where
Physically, we should use t to be the boundary time and compute the boundary complexity growth rate 5) Since N < 1 so the complexity growth rate should decrease more. This decrease is naturally expected because of the following reason. In Ref. [75] , the authors investigated the localized shocks and the Gauss-Bonnet coupling's effect on the butterfly velocity. In fact, that paper showed that for two space separated perturbations V x (t) and W y (0), the commutator between them takes the form Although the scrambling time and butterfly velocity take the same form in Gauss-Bonnet case as in Einstein gravity, a constant scaling of the time coordinate which set the speed of light on the boundary changes the value of β. So the butterfly velocity is decreased in the presence of Gauss-Bonnet coupling to the value
while the result in Einstein gravity is v B = d/ (2(d − 1) ). This is the same behavior as we found for the complexity growth, and is natural because complexity growth and chaos is closely related. More concretely, using the tensor network picture in [15] , smaller v B means smaller rate of growth of complexity of the precursor operator.
Finally let us talk about future directions. Firstly, we have only studied the effect of the Gauss-Bonnet term to the complexity growth rate, since the single parameter makes the problem clear and simple. It might be straightforward to do the same calculations in more general higher curvature or higher derivative gravity theories, for example the Lovelock gravity theory.
Secondly, it is tempting to compare the time dependence of the complexity in both the CV and CA methods, as the papers [52, 53] did, in the presence of higher curvature or higher derivative terms. However we are still not able to answer what the full time behavior of the complexity will be for the higher curvature gravity theories in the context of the CA conjecture, since the contribution of the action on the null boundaries of the Wheeler-DeWitt patch is yet unknown, although some progress has been made to identify the contribution of the joints connecting two boundary sections of the WheelerDeWitt patch in the paper [61] for Lovelock gravity. The first step is to obtain proper boundary action for these theories, which is an important and challenging work.
Moreover, how to interpret the effect of higher curvature corrections on the complexity growth is still interesting. An initial attempt of understanding the relation between the butterfly velocity and complexity had been made in Ref. [76] . But as we showed in the main body of this paper, even we do not take into account the effect of the slowing down of scrambling in the black brane case (the effect of rescaling the boundary time), the complexity growth rate is still decreased. So the complexity growth and scrambling may not slow down due to the same reason.
